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Consolidated granular media display a peculiar nonlinear elastic behavior, which is normally
analysed with dynamic ultrasonic testing exploiting the dependence on amplitude of different
measurable quantities, such as the resonance frequency shift, the amount of harmonics generation,
or the break of the superposition principle. However, dynamic testing allows measuring effects
which are averaged over one (or more) cycles of the exciting perturbation. Dynamic acoustoelastic
testing has been proposed to overcome this limitation and allow the determination of the real
amplitude dependence of the modulus of the material. Here, we propose an implementation of the
approach, in which the pulse probing waves are substituted by continuous waves. As a result,
instead of measuring a time-of-flight as a function of the pump strain, we study the dependence of
the resonance frequency on the strain amplitude, allowing to derive the same conclusions but with
an easier to implement procedure. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4952448]
Consolidated granular media display a complex nonlinear
elastic response,1–4 which derives from hysteresis in the stress-
strain constitutive equation. This behavior, which includes
memory effects,1,5–8 relaxation phenomena,9,10 nonlinear de-
pendence of the modulus,11,12 and attenuation coefficients13,14
on the strain, etc., is also shared by damaged materials,15–18 bi-
ological samples,19,20 and metals with imperfect grain crystalli-
sation.21,22 Normally, the nonlinear hysteretic elastic behavior
of various samples was analysed using dynamic techniques,
which aim to evaluate the dependence of a measurable quan-
tity on the strain. The nonlinear dependence of the modulus
with increasing amplitude of excitation is reflected in a shift of
the resonance frequency,23,24 in the break of the superposition
principle,17,25 in the generation of higher order harmonics,26,27
subharmonics28,29 or sidebands,30 and other observations.
However, whatever the measured quantity is, its value depends
on a sort of “average strain” supported by the sample during
the experiment and this does not allow to directly extract the
functional dependence of the elastic modulus on strain.
To have a direct measurement of the stress-strain
relation without quasi-static testing and in the low tensile-
compressive strain regime, the dynamic acoustoelastic
testing (DAET) has been proposed.31–35 The method is con-
ceptually simple: a high amplitude and low frequency (LF)
wave is used to excite continuously the sample (pump),
while a high frequency (HF) pulse with small amplitude
(probe) is used to measure the modulus, extracted from time-
of-flight (TOF) measurements. If the probe is injected in the
sample at different phases of the pump, it monitors the val-
ues of the elastic modulus at different strains, since the pulse
propagates in a medium stressed by the wavefield due to the
pump. The latter can be considered as quasistatic, being the
period of the LF pump much larger than the TOF. The proce-
dure is very efficient and reliable,36,37 but needs a careful ex-
perimental implementation, an extensive post processing
analysis, and a specific highly sensitive instrumentation.
The main issue for the realisation of a DAET experi-
ment is the accurate measure of very small variations in the
TOF. This is the same problem occurring in nonlinear
dynamic measurements. In general, instead of measuring
TOFs as a function of amplitude, it is easier to measure the
resonance frequency as a function of amplitude, which, like
TOFs, depends in a controllable way on the modulus. In this
paper, we propose the same for the implementation of
DAET. We will show that, replacing pulse probes with con-
tinuous waves probing, it is possible to extract the depend-
ence on the strain of the resonance frequency and attenuation
of the sample, with an easy to implement procedure. The
proposed approach thus consists of an interaction of sine
waves at and out of resonance, only similar to the nonlinear
interaction of two resonant modes studied in Ref. 38 and to
the interaction with torque modes reported in Ref. 39. In this
paper, all measurements are expressed in volts, which could
be transformed in strains if calibrated transducers, acceler-
ometers, or laser vibrometers could be used for detection.
From previous experience, where approximate calibration of
the used sensors was performed, the strain corresponding to
the voltages detected is in the range 108–106.
The method discussed in the following (continuous
waves DAET: CW-DAET) has been implemented using a
simple experimental setup. A Berea sandstone sample in the
shape of a cylinder (1 cm diameter and 15 cm length) was
available. It was equipped with two identical narrowband
transducers glued with linear coupling (phenyl salicylate) on
the bases of the cylinder, acting as emitter and receiver.
Transducers had a diameter of 2 cm and a central frequency
of 55.5 kHz. The emitting transducer was connected to an
arbitrary waveform generator (Agilent 33500B) through a
20 linear amplifier (FLC Electronics A400). The receiving
transducer was connected to an oscilloscope (Agilent
Infiniium DSO9024H) for data acquisition. Resolution was
set to 13 bit and sampling rate to 100MSa=s. Signals were
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recorded in a 50ms time window once standing wave condi-
tions were reached. The linearity of the experimental setup
was carefully tested in the range of amplitudes adopted.
The method proposed here consists in injecting from the
source transducer the sum of two sinusoidal waves (pump
and probe):
uðtÞ ¼ ALF sin 2pxLFtþ AHF sin 2pxHFt: (1)
The low frequency is chosen close to the first longitudinal res-
onance of the sample (compressional mode along the axes of
the cylindrical sample), in order to optimise the pump strain
distribution and amplitude. In our case, xLF ¼ 9:4 kHz. The
low amplitude probing is performed in successive experi-
ments sweeping the high frequency around a higher resonance
mode of the sample. In the case considered, we choose
245 kHz  xHF  255 kHz, with step Dx ¼ 0:2 kHz. Also,
we have chosen AHF ¼ 0:5V and we have varied ALF
between 2V and 18V.
The detected signal could be filtered to obtain the
response at low and high frequencies: see Figs. 1(a) and 1(b),
where experimental results for xHF ¼ 245 kHz and ALF
¼ 12V have been chosen. The high frequency response is
modulated in amplitude (see Fig. 1(b)).
If we define a small time window (of duration corre-
sponding to a few periods of the probing wave), we can
move it along time. The choice of the window size should be
as close as possible to the typical time-of-flight, so that, in
the same time, the probe wave travels along the entire length
of the cylindrical sample. In our case, experimental limita-
tions in the choice of the low frequency pump wave (we had
not the possibility to excite at lower frequency maintaining a
significant strain excitation with the transducers at hand)
forced the choice of a shorter window size (16ls). The
proportionality between voltage and strain perceived by the
wave is maintained, although proper averaging on the strain
distribution must be ensured for quantitative measurements.
In Fig. 1, we have shown the time window as a grey rectan-
gle for two different times. For each position of the time win-
dow, we calculate the average value of the LF signal, which
is almost constant in the chosen time interval. We term it
BLFðtÞ. In the same time window, we calculate the amplitude
of the HF signal, which, being it composed of few cycles of
a sinusoidal wave, corresponds to picking the maximum of
the function in the interval. This quantity is termed BHFðtÞ.
This two quantities are identifiable with solid bold segments
in Fig. 1. See the additional material for further details.40
Defining a frequency vector xHFðiÞði ¼ 1:::NÞ around
the selected resonance frequency of the sample, we repeat
the procedure by sweeping the frequency of the HF wave
and we build a matrix of values BHFði; tÞ and a vector BLFðtÞ.
It follows, eliminating the time variable, that the full infor-
mation about the resonance structure is available in the form
of a matrix BHFði;BLFÞ. Note that the construction of the
matrix is mathematically simple, since measurements of the
amplitudes of the two filtered signals are easy and accurate.
Selecting a row of the matrix BHF (i.e., we fix t), we plot
the amplitude of the probe signal as a function of frequency
for an arbitrary value of the pump strain BLFðtÞ, i.e., the reso-
nance curve at a given strain. Typical results are shown in
Figs. 2(a) and 2(b). In subplot (a), it could be easily noted an
increase of the resonance frequency (resonance at which maxi-
mum in amplitude occurs) and of attenuation when the LF
FIG. 1. Analysis of signals detected in the CW-DAET experiment: (a) signal
filtered in the LF range; (b) signal filtered in the HF range. The grey rectan-
gular area identifies portions of the signal at a given time and in a given time
window which allow to calculate the average pump amplitude BLFðtÞ and
the corresponding amplitude of the sine HF wave BHFðtÞ. Bold solid lines
identify these values, while dashed lines are a guide to the eyes to allow
appreciating the modulation in amplitude of the HF wave.
FIG. 2. Resonance frequency curves for different values of the pump strain
BLF. (a) Curves for varying amplitude of the strain; (b) curves for BLF ¼ 5V
measured when the strain derivatives are positive/negative (increasing/decreas-
ing strain). Solid lines represent a quadratic fitting of the curves. Data refer to
the experiment performed at the highest pump strain (ALF ¼ 18V). Similar
results are found when experiments are done at each pump amplitude.
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strain changes from positive to negative. The resonance fre-
quency xrðBLFÞ and resonant amplitude crðBLFÞ can be deter-
mined using a quadratic fitting. For every value of the LF
strain, we have two resonance curves as shown in Fig. 2(b):
one for increasing and one for decreasing strains, i.e., for dif-
ferent signs of the time derivative of BLF with respect to time.
Hysteresis is manifested, since the resonance frequency and
amplitude differ significantly in the two branches.
Results of the analysis on the Berea sandstone sample are
summarised in Fig. 3. The presence of hysteretic loops is
clearly manifested. Also an offset (in both amplitude and fre-
quency) is noticed, as shown by the downshift with increasing
the range of variation of the pump strain (increasing the am-
plitude ALF from the source). Conditioning is normally
defined as the variation of the resonance amplitude and
frequency when the pump strain is zero (BLF¼ 0). Results are
qualitatively similar to those observed for other Berea sand-
stone samples using the standard DAET approach.32,37 Note
that the maximum variation in the resonance frequency is less
than 1.5 kHz (i.e., less than 0.4%), while the variation in the
amplitude at resonance is almost of 30%. Dominance of
attenuation effects was also observed by other authors.32,41
The resonance frequency change contains the same informa-
tion as a TOF change, as measured in standard DAET, being
the link between the resonance frequency and the wave speed
linear as the link between TOF and velocity.
Following the same approach used by other authors,31–33
the curves reported in Fig. 3 could be fitted with a parabolic
approximation in the form
y ¼ aþ bxþ dx2: (2)
Albeit the fit is only a rough approximation of the data set,
the three parameters give a quantitative representation of the
offset, slope, and curvature of the curves (see the supplemen-
tary material for further details40). Eventually, the upgoing
and downgoing branches of the curve could be fitted inde-
pendently, to obtain a better description of the observed
loops. The parameters of the fit are reported in Fig. 4 as a
function of the pump amplitude.
In agreement with other observations, we notice that the
result of the fit of both branches (blue symbols) is almost the
average of the results of the fits performed considering sepa-
rately the upgoing and downgoing branches (red and green
symbols). For what concerns the offset (parameter a), we
observe almost no difference in the three fits (total, upgoing
only, downgoing only), indicating that the hysteretic loops of
Fig. 3 show two branches which intersect approximately at
zero amplitude of the pump. For the global fit results (blue
symbols), we notice that the curvature (parameter d)
decreases in modulus with increasing strain (pump ampli-
tude), while slope (parameter b) is only slightly dependent
on the maximum strain, for both resonance amplitude and
resonance frequency curves. A stronger dependence on the
pump amplitude is found when the upgoing and downgoing
branches of the curves are fitted independently.
Finally, we have applied the CW-DAET approach
to estimate nonlinearity in different materials, as shown in
Fig. 5, where the variation in the resonance frequency and the
resonance amplitude are reported vs. the pump amplitude.
In the case of PMMA (first row), only a slight shift in the
resonance frequency (left column) and no dependence of the
resonance amplitude on strain (right column) are observed.
The absence of hysteretic loops and memory is the indication
that, as expected, only classical nonlinearity is relevant. Note
that nonlinear effects are very small. As already discussed,
results for Berea sandstone (second row) are in agreement
FIG. 3. Resonance amplitude cr and resonance frequency xr as a function of
the strain amplitude induced by the pump.
FIG. 4. Parameters describing curvature, slope, and offset of the curves
reported in Fig. 3 vs. amplitude of the pump. For all the three parameters,
red squares and green triangles correspond to the values of the parameters
obtained fitting the upgoing and downgoing branches independently. Left
column: parameters for the resonance amplitude. Right column: parameters
for the resonance frequency.
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with observations reported using standard DAET. Concrete
(third row) exhibits only slight dependence of the resonance
frequency on strain, with a significant hysteretic loop with
elliptical shape for the resonance amplitude dependence.
Memory is also observed. The result is in qualitative agree-
ment with observations reported using standard DAET.42 We
have also estimated the slopes of the resonance vs. strain
curves (reported in Fig. 5). It is noticeable that the ratio
between slopes for Berea and PMMA is about 23, in agree-
ment with the ratio between the b coefficients experimentally
estimated for Berea (bB  200 (Ref. 32)) and for PMMA
(bP  8 (Ref. 43)).
In this contribution, we have presented a variation in the
dynamic acoustoelastic testing method, in which pulse prob-
ing is substituted with continuous waves probing. Our exper-
imental setup was not optimised. In particular, the lowest the
pump frequency, the better the measurement since longer
time windows of HF signals could be used. Nevertheless,
results shown here are in excellent qualitative agreement
with expectations for classical (PMMA) and nonclassical
(Berea and concrete) test samples. To be implemented, the
approach requires strong attenuation and an accurate analysis
of the modes for quantification. The advantage with respect
to DAET is the ease of implementation and post processing-
analysis.
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